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WINGS WITH STREAMWISE TIPS

SUPERSONIC IEADING AND TRATILING EDGES

By Isabella J. Cole and Kenneth Margolis
SUMMARY

On the basis of the linearized supersonic-flow theory, equations
for the span loasd distribution resulting from constant vertical accel-
eration (that is, linear variation of angle of attack with time) are
derived for a series of thin sweptback tapered wings with streamwise
tips. The analysis is valid at Mach numbers for which the wing leading
and trailing edges are supersonic. A minor restriction 1s that the Mach
line from the leading edge of either wing tip may not intersect the
remote half wing.

The computaticnal results of the investigation are presented in a

L] series of charte from which the span loadings may be obtained for given
values of aspect ratio, taper ratio, leading-edge sweepback, and Mach

number. For l1llustrative purposes, variations of the spanwlse distri-

bution of eirculation (which is proportional to the span load distribu-
tion) with several plan-form pasrameters and Mach number are shown, in

additlon to some typical chordwlse and spanwise pressure distributions.

INTRODUCTION

The aerodynemicist requires detailed informstion on the load dis-
tribution over the component surfaces of an airframe. One of the most
important considerations is the distribution of load along the wing
span. This information can be used directly to obtain the forces and
moments acting on the wing itself and to estlmate roughly the load on

- isolated vertlcal tails (for corresponding motions) end isolated hori-
zontal tails; in sddition, knowledge of the span load distribution is
a2 prime requirement for the solutlon of problems relaeting to loads and
= aeroelssticity and for flow-field and other eerodynamic calculations.
Thus, much effort has been devoted to developing methods of calculation
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and utilizing these methods to obtain detailed load information through-
out the range of flight speeds for wings of various plan forms undergoing
several types of motion.

Some of the more recent contributions to the literature on span
load distributions st supersonic speeds are references 1 to 4. The
general plan form considered in these references has arbltrary aspect
ratio, teper ratio, and sweepback; the wing tips are parallel to the
axis of wing symmetry. At Mech numbers for which the wing leading edge
is subsonic, equations and charts for the span load distributions
resulting from constent angle of attack, steady rolling, steady pitching,
and constant vertical accelerstion are given in reference 1; the case of
constant sideslip is treated in reference 2. At Mach numbers for which
the wing leadlng edge is supersonie, corresponding information is given
for constant angle of attack, steady rolling, and steady pitching in
reference 3; calculations for the sideslip motlon are given in refer-
ence 4. (Restrictions common to references 1 to 4 inclusive are that
the wing trailing edge 1s supersonic and that the Mach line from the
leading edge of either tip may not intersect the remote half wing.) The
span loading due to constant vertical acceleration for the supersonilc-
leading-edge condition has not been previously considered; the present
paper contributes this informastion.

Equations are derived hereiln for the spanwilise distribution of circu-
lation (which is proportional to the span load) due to constant vertical
acceleration, that 1s, linear variation of angle of attack with time.

The type of wing plan form considered is that used in references 1 to 4;
nemely, wings of arbitrary aspect ratio, taper ratio, and sweepback,

and with wing tips that may be termed "streamwise" for this motion. The
analysis is valld at supersonic speeds for which the wing leading and
trailing edges are supersonic, provided the Mach line from the leading
edge of one tip does not intersect the opposite half wing.

The numerical results of the investigation are presented in a series
of charts from which fairly rapid estimations of the losd distribution
may be obtalned for given values of the parameters aspect ratio, teper
ratio, leading-edge sweepback, and Mach number. Several 1llustrative
varlations of the load distribution with Mach number and wing geometry
ag well as some typical chordwise and spanwise pressure distributions
are also presented.

SYMBOLS

X,y Certesian coordinates (see fig. 1)

v free-stream velocity
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W OE =2 OO

Cr

B
0

density of air

free-stream Mach number

Mach angle
cotangent of Mach angle, VM? -1
wing span

root chord

spanwise coordinste of intersectlion of trailing edge of wing
and Mach line from wing apex

spanwise coordinate of intersection of trailing edge of wing
and Mach line reflected from wing tip

spanwise coordinate of intersection of trailing edge of wing
and Mech line from leadling edge of wing tip

-taper ratj_o, M
Root chord
aspect ratio, ———EE————
Cr(l + 7\)

angle of sweep (see fig. 1)

cot Arm

cot Arg _ AB(1 + A)
cot ATR  AB(1 + A) - 4mB(2 - A)

angle of sttack

steady pitching velocity about the y-axis, positive as shown
in figure 1

time

rate of change of o wWith time (%%); positive & indicates

an acceleration downward

difference due to constant vertical acceleration between upper-
and lower-surface pressures; positive in sense of 1ift

difference due to unit angle of attack between upper- and
lower-surface pressures; positive in sense of 1ift
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(AP)q__.JL difference due to unit pitching veloclty about the y-axis
between upper- and lower-surface pressures; positive in
sense of 1lift

¢ perturbation velocity potential due to constant vertical
acceleration, evaluated on upper surface of wing

¢m=l perturbstion velocity potential due to unit angle of attack,
evaluated on upper surface of wing

¢ =1 perturbation velocity potential due to unit pitching velocity
about y-axis, evalueted on upper surface of wing

T circulation due to constant verticel acceleration at any span-
wise station y, defined by equation (3)

I,Ps components of circulation due to constant vertical accelera-
tion; I'=TI + I'g

Ta, circulation due to angle of sattack

Fq circulation due to steady pitching velocity about y-axis
Sﬁbscripts:

tE refers to leading edge or evaluatlon along leading edge
TE refers to trailing edge or evaluation along trailing edge

A1l angles are measured 1in radians unless otherwise indicated.

ANALYSIS

Scope

The motion considered in the present paper has been commonly termed
constant vertical acceleration; it ie a time dependent motion that
involves a linear varistion of angle of attack with time. Expressions
for the span load distribution associated with such a motion are derived
end calculations based on these expressions are presented for a gener-
alized famlly of isolated wings (see f£ig. 1). The wings are unceambered
and have vanishingly small thickness; the plan form is of arbitrary
sweepback and taper ratio with wing tilps parallel to the axis of wing
symmetry (stresmwise tips). The analysis is carried out within the
framework of the linearized supersonic-flow theory and is sppliceble
at those supersonlc speeds for which the wing leading and treiling
edges are supersonic, subject to the relatively minor restriction that
the Mach line from the leading edge of either wing tip does not inter-
sect the remote half wing.

i
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Derivation of Equations

The spanwise distribution of circulation I' for unyawed wings is
related to the integrated chordwise pressure distribution (span loading)
by the relationship

r=2L1 AP dx (1)

It should be mentioned that the spen loading and the spanwise dis-
tribution of circulation are sometimes used interchangesbly. As is
apparent from equation (1), these two quantities are proportional to
each other. Based on an application of the linearized supersonic~flow
theory, the lifting pressure AP for the motion comsidered (that is,

a positive &) has been shown previously (for examplie, eg. (13) of
ref. 5) to be expressible as follows:

&P = B_g' MH(AP) g1 - %(&)aﬂ - 20(P)g= (2)

Where (AP)q_l is the lifting pressure for positive unit pitching
velocity sbout the y-axis and where (AP),_; and (@), = are the

lifting pressure and perturbation velocity potential, respectively,
due to positive unit angle of attack. Equation (1) may then be
rewritten:

f EZ(AP)Q_l - E00) ) - 20(Pgmy |06 (3)

szv
It is known (for exemple, see ref. 3) that

%
[ @) gm ax = 26v(Bgmn) g (1)

X1E
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and

XTE
f (AP)gmy 8x = 20V(fyy), (5)
XIE

Upon integration by parts of the middle term of equation (3), utiliza-
tion of equations (4) and (5), and combination of terms, equation (3)
becomes

r=2a ME(¢ =l) - ME_ XTE(¢a=l) + = JFXIE (¢) = dx (6)
qu.TEVBZ TEVXTE o=

According to equation (1), the following relationships are valid:

Lo
(Pgdgmy = 55 ‘e (&P) oy ax (1)
and
(Tdgmy = 55 | (@®)gm ax (8)
*IE

It then follows from equations (&) and (5) that

(Tglg=y = 2(¢q=1)TE (9)

and

(Ta) _, = 2(fym1 ) (10)
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Equation (6) may now be expressed in the following convenient mamner
(since Pq and Iy are directly proportional to q &and a, respectively):

<
(o/2)22 Tq M_z(b/2)2 AB(1 + Mb/a + llauB P

B pg(p/2)2 B mBAB(L + ) Va2

2 j: (B)gmy (1)

where Xyp has been replaced by its functional equivalent

bly
B 57z AB(1 + A) +1|-mBk:]

(12)

AB(1 + A)Bmk

. Iq I,
Formilas and charts for the quantities —————— &and ——

Bq(b/2)? Vo %
appearing 1n eguation (11) are presented in reference 5. Thus, only

i
the integral L/ﬁ (f)q=7 Gx remains to be evaluated. Expressions
XIE
Tor the potential (¢)m=l for the various wing regions formed by the

Mach line apd plan-form boundaries may be obtained from reference 6
(the value of a therein being replaced by unity).

For convenlence in calculations and presentation of results, eque-
tion (11) for the spanwise distribution of circulation I' is subdivided
into two components, Iy and T, such that I' =I) + I'o. The components
are a8 follows:

S
i wa(b/2)2| Tq ) AB(1 + Mb@ + LkmB r, 5)

Py
B [IBq(b/2)? mBAB(1 + ) va B
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X
T 2(g4) .
Iy = 6B(b/2)2 f ——% dx (1)
xig BV(b/2)
B} T
Formilas for the gquantities ————— and -5 which are

a(b/2)22 B&(b/2)

functions of the parameters AB, Bm, A, snd the nondimensional span~
wise coordinate E%E’ are presented in teble I for the comblnations of

Mach lines and plen forms consldered. The mathematical expressions
required in the use of table I are given in the sappendix.

RESULTS AND DISCUSSION

Equations have been derived in the preceding analysis for the span-
wise distribution of circulation resulting from constant vertical accel-
eration of isolated sweptback wings of erbitrary aspect ratio and taper
ratio with streamwise tips. The analysis is valid at those supersonic
speeds for which the wing leading and trailing edges are supersonic,
subject to the additionsl minor restriction that the Mach line from the
leading edge of one wing tip does not intersect the remote half wing.

The pressure distributions obtained over the wing for the motion
considered are of interest. For illustrative purposes some chordwise
and gpanwlse pressure distributions, calculated from equation (2}, are
presented in figures 2 and 3, respectively. (The expressions for
<AP)q;1’ (AP)mFl, and (¢)a=l required for the calculations were

obtained from tebles V, III, snd II, respectively, of reference 7 - in
vwhich both q &and o therein were replaced by unity.)

Calculations of the spanwise distribution of circulation have been
made for values of AB from 3 to 20 for A = 0, 0.25, 0.50, 0.75, and
1.0; for A = 1.0 calculetions for AB = 2 have also been included.

The range of Bm coneidered 1s from 1.0 to . Results of the numerical
calculations are presented in a series of charts (figs. 4 to 9) so that,
for given values of the parameters aspect ratio, taper ratio, leading-
edge sweepback, and Mach number, the circulation components Iy and TIp
(and hence T') may be readily obtained. An index to these charts is
glven in teble IT.

In order to illustrate the variation of the spanwise distribution
of circulation with different paremeters, several specific examples have
been chosen; the results are presented in figure 10.
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The results presented herein for constant vertical acceleration &
may, of course, be combined with the results of reference 5 for steady
pitching q to obtain an estimate of the span load distribution for =
slowly (first-order frequency) oscillating wing, that is, q + & motion.

CONCLUDING REMARKS

On the basis of an application of linearized supersonic-flow theory,
equations have been derived for the spanwise loading on isoclated wings
resulting from a linear angle-of-atback varistion with time at super-
sonic flight speeds.

The types of wing considered have sweptback leading edges, either
sweptback or sweptforward tralling edges, and tips that are parallel to
the axis of wing symmetry (streamwise tips). The analysis is applicable,
in general, at those supersonic speeds for which the wing leading and
trailing edges are supersonic.

Computational results are presented in the form of generalized
design curves which permit fairly rapid estimation of the spanwise dis-
tribution of circulation (or span load distribution) for broad ranges
of the parameters aspect ratio, taper ratio, leading-edge sweepback,
and Mach number.

The results obtained herein may be combined with corresponding
results previously reported for the steady pitching case to obtaln the
span load distribution for a slowly (first-order frequency) oscillating
wing.

Langley Aeronsutical ILeborstory,
National Advisory Committee for Aeronautics,
Iangley Field, Va., October 13, 1953.
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APPENDIX
LIST OF FUNCTIONS TO BE USFD IN CONJUNCTION WITH TABLE I

In order to avold repetition of cumbersomes mathematical exprefiions appearing in the circulation
equations of table I, & aystem of capital-letter symbols has been used therein to denote various Ffunctions.
The letfers and their functionsl equivalents are as follows:

!“E3(l+ N+ Mﬂ " _ ~
o R s y® 2(1_¥2)4 8AB T+ 162
D WAZE2(2 + )% rkg\.ﬁ;) 228301 4 WB3(1- k)4 (1 + Nl + x] N

Bl_y+ hk:lj(l-ka)_'_ 8 ¥, 16 .
3xib/2 AB(L + A) (/22 ¥ KAB(L + A) b/2 4252(; ;2

¥ e ]y hx ¥ k2
+ + +
2} 32T Bt N +'h72 B+ N ||p2” s N -
<) /22 L K k 3 wmt

b2

2 1 Ik - bfa bk
F-gxg{-i.%%'ﬁﬂ—(lq-_k)]*'g}/'z-a}fk E%(l-{-k)*——m(l‘-)\]

- ¥ ;
°-3 '(bj;e mrl/\zéf)“ k-7 (2'55)2'(:?* -

' ¥ e TR
‘_— |y
% 2(1-#)-2E+E-k+bZ—H

. J
. aEua(u nﬁymﬂ Em+u(1+m<l -k)L]cos'lAB(l+ NG - BB + zn.m+
xBakARER(1 + NP - 1 |L . . . b/f2 ..]hEB(l + (L - k)ﬂ"5+ mﬂ

AB(L + A)(L + B2r@®k). L. 4+ hmmx l_
EmBk + AB(L + (L + X)L |eos~ b/2 - 2 [L P
} . b/2 BmAB(2 + N1 + k)_;)La + kmB_kj «AmB(Bn2 - 1) L‘D/E AB(L + 2)|

1| ¥ : Qi g ey ] 1 P
L (1 - B%Ri?) 4+ L (x - 1)[2 - Po(x +1)] +
‘jka l;b/a)a TSV A%B2(1 4+ x)ﬂ + 2|42 - 1 | [(v/2)2 G J

8mBx B ¥ 168252K2 B2l 1 'bya 1 - Fofi) + ABIIJ'. + A
—_—{k - o)L -2 - LY
TRTET )'b/2 BT ) [ coe Ba[(L - x)L 4 _mEE
b/2  AB(L + )

(Equation continued on next page)

lii L.
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{—Ya—(k+l)E2-Bam2(k-l:[ +———(32m2-2-k)-?/L-+

(v/2)2
2m2 kmBk
16 Beme-z)} A Sy
2 2 oy ¥ Bl
%R & ) Bm(1+k)b/2+AB(———l+7\):|
¥y bnBx |2 ¥, B ¥ skmB
5. 2 if&i"m(l* +i ¥ +b/2+m(1+x)_y_ws_lﬁ(l+32m2k)+A3(1+70_
:ini‘n@-l 2 12mB B (v/2)2 kmB b/2 mEL(1+k)+ it
} bf2 AB(L + N)
y KB |2 ¥ haiBk b)nB
_£B§+AB(1+RS' + L 2 +@+AB(1+7\) Fa _1'b21-32m2k)+ 21+AS_
2 ¥2nB Bm (p/p)2 KB v/2 : ]
; S SRR
kmBx
¥ i 2 _ 1 sh_]_'b/a AB(1 + )
(bfe)2 Ea kmB 2
b/2

-
/ : fye ’k+l)E2-32m2(k-lzl+$—;§(-k+32m2—2)#+
+

2
" mn(2222 - 1) lek‘{BZnﬁ B 1L(b/2)2\

LB - 2) 2(s - 1)En(1 + N+ umﬂ Em + AB(L + (L + k)_ﬁgj}'x

4282(1 + )2 A282(1 + )2
LmBk
_(1-k+2mBk)+ - 2(mB - 1)
con-1 2/2 ABLL + A +2“Ee“2‘1EY_(-12+32m2k+umB+
21+ k) + bmBl 3 b/2
b/2 AB(L + )

o o 2 LBk (-12 + hmB + 5m252—|
28%03% + 5m°B°) + (hBmk - 2B%nfk - 2B°mik) + T _I

= - y2{-'L+Bmk)-s-lE—h—'m:Bk—--l:+2n:131:-1-l +—Lm;—+k-m3
k(uB + 1) | (v/2)? bf2| aB(1+ N AB(1 + )
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TR ot R um?} )
“m\ B t,/e x[bf2 Ty

1 4uB
N !2)m_l"b_ule--l-&-l)+2(l-m+'l\3(l+7\)_ & rﬁ}_m“_le i%_
z

=1 B 2 m o8
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AB(1 + ) + MimB
P [ -;- :I e + AB(L + (L - 0] p e bl X - 1)+
(b/2)2

MEAEBQ(ZL + 7\)9@— /2] BpEP 3/

BBk k+32n2_2)_y_+1652m2k2(32ne-2)

AB(Y + A bj2 AZE(1 4+ N2 .
2
Q=
) - 1E AB(l + A}

-
é 2 J'YE {k-l)E-lez(k+_lﬂ +&_?—Mk+ﬁ2-a);%+

2
B
oonB(8%2 - 1) %k'nzuz - ,_U'(b/g)e N
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T 014k 4 2Bk} + T (B 4 1)
gl BB EY TGN * 21:\‘52:2__.1'.1_(12_522 4B -
——(Y 1-k)+_'_—k 3 b/2

/2 AB(L + A)

2677k + 58%R) + (ABen + 2%k - 2B0k) + bopie(-12 - buB + 532"2)-‘
AB(L + ) J
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ARLE I.~ TIPRYSSICKS FOR TER SPANISE DISTRURIFION O OIRCULATEN DOE TO YERCICAL (P=p) +Ig)

E‘u-:mrbrﬂawmn,:,r,a,. ..I'mu-:hmdi:-l

L_B]A.Kla.l) -é]
v/a A1+ W(k+ 1)

Mxpression for compacents of circulation slong the span;
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y
Range of m = re
aé(nfe)? Bs(n/2)?

ns;JEs— » x
b

W“%‘l r G

_n__ku(li-x)(hi-l)-

2 AKL + 3)(Bax + 1}

&ku(1+1) -
hfa "1 s (e 1

of el r -l.msmlpn;'
Hach lise intersecting tip
* i’; bl d fp
&l(nf)? v/t
s— ﬁ x 3
ﬁ-s;’;s;’:— X+R-P JrT-Q
sﬁix L L4

r  xE(1+2)(oms+1) -

/2 AB{1 + A)(Bmk + 1}

U . S,
vz AL+ A (mek - 1)

N

Expression for compooacis of eirculatics I alapng wnmm
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TARIA I.- EXPRESSIORS FOR THE SPANWIEE DISTRIBUTION OF CIRCULATIOH DUE TO COKSTANT VERTICAL ACCELERATION (I'= Iy + Ip) - Concluded
»

E'omxlufm-tbepmtmn,s,r, a, . . .H'mg_:.wninappendi:ﬂ

L. S
b/2  AB(L + A)(Bek - 1)
b _k[EB(L + ) (Bu + 1) - bu)
bfe AB(1 + A)(Bok + 1)
. Expression for components of circalation I along thbe spen; Mack line -
from center Intersecting trailing edge
Y
Range of -—
v/2 Bry . g
a(v/2)2 pi(n/2)®
oYX s = :4 3
v/2 " vf2
LX< B P Q
v/2 " vf2 " vjf2
h Y
AL A R T «
—_ -~
. AB(L +2) - &
B2 ABR(1 + N - M1 - N
Expression for components of circulation I' along the spen; ursvept leading edgej
Mach lins from tip doss not intersect remote half-wing
y
Renge of -
WE Brl . I'e
a(of2) ) Bii(b/2)?
Y h
0S5t € U W
s Bf2 T vf2
ﬁi SWYE < . o W Y
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TABIE II.- INDEX TO CHARTS FOR SPANWISE

DISTRIBUTION OF CIRCULATION
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- - ——= Mach /ines
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(b) Sweptforward trailing edge; negative Dy e

Figure 1.- Types of wing configuretions analyzed. ©Supersonic leading and
trailing edges; streamwise tips. Note that the Mach lines from the
leading edge of the center section may intersect the tip or trailing
edge and alsc that the Mach lines from the tip may not intersect the

remote half-wing.
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Figure 2.- Some typical chordwise pressure distributions. A = 3; ALE = 18.5°;

A =0.75; M = 2. :



NACA TN 3120

20
T N a5’ >
Crn See N =4
| ¥
~__4--\¢.
rd
A
K>
-ar
X -
—C—r =(0.333
2.AP L
PV Gk)
| | | | ] !
O e < 6 .8 r0 le
—2_
m~<. X .
‘,.,/, ‘-.\\\ E"O667
ZAD -—/& ______ - ‘\
(OVO.'C(OES M
N
\\
| { 1 ! N |
@) 2 -4 & 3 LO A2
o I
Yo T \ X s/
ACICA AN
../_ \
“
N\
| L A\ |
(@) 2 4 6 -8 O L3
Y
G2

Figure 3.- Some typical spanwise pressure distributions. A = 3; Mg = 18.50-
A=0.75; M = J-E—.
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Figure 4.~ Distribution of circulation along span for delts wings.
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(b) Circulation component Tp.
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Figure 5.- Distribution of circulation along span for wings with A = 0.
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(b) AB = k; A = 0.25.

Figure 6.- Continued.
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Figure 6.- Continued.
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Figure 6.- Continued.
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Figure 6.- Continued.
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Figure 7.~ Continued.
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Figure 8.- Distribution of circulastion along span for wings with A = 0.75.
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Figure 8.- Continued.
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Figure 8.- Continued.
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(d) AB = 6; A= 1.0.

Figure 9.- Continued.
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(e) AB = 8; A = 1.0.

Figure 9.- Continued.
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(f) AB = 12; A= 1.0.

Figure 9.~ Continued.
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(f) AB = 12; A = 1.0. Concluded.

Figure 9.~ Continued.
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(g) AB = 20; A = 1.0.

Figure 9.- Continued.
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(g) AB = 20; A =1.0. Concluded.

Figure 9,- Concluded.
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(2) Variation with Mach number. A = 4; A = 30°9; A = 0.50.

(b) Verietion with aspect ratio. M = 1.53; A = 30% A = 0.50.

61

Figure 10.- Some examples illustrating the verlations of distribution of
circulation along spen with Mach number, aspect ratio, sweepback, and

taper ratio.
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(c) Variation with sweepback. A = 4; M = 1.8; A = 0.75.
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(a) Variation with taper ratio. A = L; M = 1.53; A = 300.

Figure 10.- Concluded.
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